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Abstract
The kinetic theory is formulated with respect to anholonomic frames of
reference on curved spacetimes. By using the concept of nonlinear connection
we develop an approach to modelling locally anisotropic kinetic processes and,
in corresponding limits, the relativistic non–equilibrium thermodynamics with
local anisotropy. This lead to a unified formulation of the kinetic equations
on (pseudo) Riemannian spaces and in various higher dimensional models of
Kaluza–Klein type and/or generalized Lagrange and Finsler spaces. The tran-
sition rate considered for the locally anisotropic transport equations is related
to the differential cross section and spacetime parameters of anisotropy. The
equations of states for pressure and energy in locally anisotropic thermody-
namics are derived. The obtained general expressions for heat conductivity,
shear and volume viscosity coefficients are applied to determine the transport
coefficients of cosmic fluids in spacetimes with generic local anisotropy. We
emphasize that such locally anisotropic structures are induced also in gen-
eral relativity if we are modelling physical processes with respect to frames
with mixed sets of holonomic and anholonomic basis vectors which naturally
admits an associated nonlinear connection structure.
gr-qc/0001060; accepted to Annals of Physics (NY)
∗e–mails: svacaru@phys.asm.md, sergiu−vacaru@yahoo.com, vacaru@lises.asm.md
1
1 Introduction
The experimental data on anisotropies in the microwave background radiation (see,
for instance, Ref. [27] and [13]) and modern physical theories support the idea
that in the very beginning the Universe has to be described as an anisotropic and
higher dimension spacetime. It is of interest the investigation of higher dimension
generalized Kaluza–Klein and string anisotropic cosmologies. Therefore, in order to
understand the initial dynamical behavior of an anisotropic universe, in particular, to
study possible mechanisms of anisotropic inflation connected with higher dimensions
[32] we have to know how we can compute the parameters (transport coefficients,
damping terms and viscosity coefficients) that characterize the cosmological fluids
in spacetimes with generic anisotropy.
The first relativistic macroscopic thermodynamic theories have been proposed
in Refs. [9] and [22]. The further developments and applications in gravitational
physics, astrophysics and cosmology are connected with papers [28, 37, 16, 24].
The Israel’s approach to a microscopic Boltzmann like kinetic theory for relativistic
gases [18] makes possible to express the transport coefficients via the differential
cross sections of the fluid’s particles. Here we also note the Chernikov’s results on
Boltzmann equations with collision integral on (pseudo) Riemannian spaces [7]. A
complete formulation of relativistic kinetics is contained in the monograph [15] by
de Groot, van Leeuwen and van Weert. We also emphasize the Vlasov’s monograph
[36] were an attempt to statistical motivation of kinetic and thermodynamic theory
on phase spaces enabled with Finsler like metrics and connection structures was
proposed. Recent developments and applications of kinetics and nonequilibrium
thermodynamics could be found in [38].
The extension of the four dimensional considerations to higher dimensions is due
to [29] and [3]. The generalization of kinetic and thermodynamic equations and
formulas to curved spaces is not a trivial task. In order to consider flows of par-
ticles with noninteger spins, interactions with gauge fields, and various anisotropic
processes of microscopic or macroscopic nature it is necessary a reformulation of the
kinetic theory in curved spacetimes by using the Cartan’s moving frame method
[6]. A general approach with respect to anholonomic frames contains the possi-
bility to take into account generic spacetime anisotropies which play an important
role in the vicinity of cosmological or astrophysical singularities and for non–trivial
reductions of higher dimension theories to lower dimensional ones. In our works
[30, 31, 32] we proposed to describe such locally anisotropic spacetimes and inter-
actions by applying the concept of nonlinear connection (in brief, N–connection) [2]
field which models the local splitting of spacetime into horizontal (isotropic) and
vertical (anisotropic) subspaces. For some values of components the N–connection
could parametrize, for instance, toroidal compactifications of higher dimensions but,
in general, its dynamics is to be determined, in different approaches, by field equa-
tions or constraints in some generalized Kaluza–Klein, gauge gravity or (super)string
theories [30, 31, 32, 35].
The concept of N–connection was firstly applied in the framework of Finsler and
Lagrange geometry and gravity and their higher order extensions (see Refs. [23, 11,
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30, 31] on details). Here it is to be emphasized that every generalized Finsler like
geometry could be modelled equivalently on higher dimensions (pseudo)Riemannian
spacetimes (for some models by introducing additional torsion and/or nonmetricity
structures) with correspondingly adapted anholonomic frame structures. If we re-
strict our considerations only to the higher dimensional Einstein gravity, the induced
N–connection structure becomes a ”pure” anholonomic frame effect which points to
the fact that the set of dynamical gravitational field variables given by metric’s com-
ponents was redefined by introducing local frame variables. The components of a
fixed basis define a system (equivalently, frame) of reference (in four dimensions one
uses, for instance, the terms of vierbien, or tetradic field) with respect to which, in
its turn, one states the coefficients of curved spacetime’s metric and of fundamental
physical values and field equations. It should be noted that the procedure of choos-
ing (establishing) of a system of reference must be also physically motivated and
that in general relativity this task is not considered as a dynamical one following
from the field equations. For trivial models of physical interactions on curved space-
times one can restrict our considerations only with holonomic frames which locally
are linearly equivalent to some coordinate basis. Extending the class of physical
fields and interactions (even in the framework of Einstein’s gravity), for example,
by introducing spinor fields, statistical and fluid models with spinning particles we
have to apply frame bundle methods and deal with general anholonomic frames and
phase spaces provided with Cartan’s Finsler like connections (induced by the Levi
Civita connection on (pseudo)Riemannian spacetime) [5].
The modelling of kinetic processes with respect to anholonomic frames (which
induces corresponding N–connection structures) is very useful with the aim to elu-
cidate flows of fluids of particles not being in local equilibrium. More exactly, such
generic anisotropic fluids are considered to be like in a thermodynamic equilibrium
with respect to some frames which are locally adapted both to the spacetime met-
ric and N–connection structures but in general (for instance, with respect to local
coordinate frames) the conditions of local equilibrium are not satisfied.
We developed a proper concept of locally anisotropic spacetime (in brief, la–
spacetime) [30, 31, 33] in order to provide a unified (super) geometric background
for generalized Kaluza–Klein (super) gravities and low energy (super) string models
when the higher dimension spacetime is characterized by generic local anisotropies
and compatible metric, N–connection and correspondingly adapted linear connec-
tion structures. It should be noted that the term la–spacetime can be used even
for Einstein spaces if they are provided with anholonomic frame structures. Our
treatment of local anisotropy is more general than that from Refs. [4] which is used
for a subclass of Finsler like metrics being conformally equivalent (with conformal
factors depending both on spacetime coordinates and tangent vectors) to the flat
(pseudo) Euclidean, equivalently, Minkovschi metric. If in the Bogoslovsky, Goenner
and Asanov works [4, 11] on Finsler like spacetimes there are investigated possible
effects of violation of local Lorentz and/or Poincare´ symmetries, our approach to
locally anisotropic strings, field interactions and stochastics [30, 31, 33] is back-
grounded on the fact that such models could be constructed as to be locally Lorentz
invariant with respect to frames locally adapted to N–connection structures.
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The purpose of the present article is to formulate a Boltzmann type kinetic
theory and non–equilibrium thermodynamics on spacetimes of higher dimension
with respect to anholonomic frames which models local anisotropies in both type
Einstein or generalized Finsler–Kaluza–Klein theories. We shall also discuss possible
applications in modern cosmology and astrophysics.
On kinetic and thermodynamic part our notations and derivations are often in-
spired by the Refs. [3] and [15]. A number of formulas will be similar for both locally
isotropic and anistropic spacetimes if in the last case we shall consider the equa-
tions and vector, tensor, spinor and connection objects with respect to anholonomic
rest frames locally adapted to the N–connection structures. In consequence, some
tedious proofs and intermediary formulas will be omitted by referring the reader to
the corresponding works.
To keep the article self–consistent we start up in Section 2 with an overview
of the so–called locally anisotropic spacetime geometry and gravity. In Sections 3
and 4 we present the basic definitions for locally anisotropic distribution functions,
particle flow and energy momentum tensors and generalize the kinetic equations for
la–spacetimes. The equilibrium state and derivation of expressions for the particle
density and the entropy density for systems that are closed to a locally anisotropic
state of chemical equilibrium are considered in Section 5. Section 6 is devoted to the
linearized locally anisotropic transport theory. There we discuss the problem of solu-
tion of kinetic equations, prove the linear lows for locally anisotropic non–equilibrium
thermodynamics and obtain the explicit formulas for transport coefficients. As an
example, in Section 7, we examine the transport theory in curved spaces with rota-
tion ellipsoidal horizons. Concluding remarks are contained in Section 8.
2 Spacetimes with Local Anisotropy
We outline the necessary background on anholonomic frames and nonlinear con-
nections (N–connection) modelling local anisotropies (la) in curved spaces and on
locally anisotropic gravity [30, 31] (see Refs. [17] and [23] for details on space-
time differential geometry and N–connections structures). We shall prove that the
Cartan’s moving frame method [6] allows a geometric treatment of both type of
locally isotropic (for simplicity, we shall consider (pseudo) Riemannian spaces) and
anisotropic (the so–called generalized Finsler–Kaluza–Klein spaces).
2.1 Anholonomic frames and Einstein equations
In this paper spacetimes are modelled as smooth (i.e class C∞) manifolds V(d) of finite
integer dimension d ≥ 3, 4, ..., being Hausdorff, paracompact and connected. We
denote the local coordinates on V(d) by variables u
α, where Greek indices α, β, ... =
3, 4, ... could be both type coordinate or abstract (Penrose’s) ones. A spacetime is
provided with corresponding geometric structures of symmetric metric gαβ and of
linear, in general nonsymmetric, connection Γαβγ defining the covariant derivation
∇α satisfying the metricity conditions∇αgβγ = 0.We shall underline indices, α, β, ...,
4
if one would like to emphasize them as abstract ones.
Let a set of basis (frame) vectors eα = {eαα = gαβeαβ} on V(d) be numbered by
an underlined index. We shall consider only frames associated to symmetric metric
structures via relations of type
eααeβα = ηα,β and e
α
αe
β
βηα,β = gαβ,
where the Einstein summation rule is accepted and ηα,β is a given constant symmetric
matrix, for simplicity a pseudo–Euclidean metric of signature (−,+....+) (the sign
minus is used in this work for the time like coordinate of spacetime). Operations
with underlined and non–underlined indices are correspondingly performed by using
the matrix ηα,β, its inverse η
αβ, and the metric gαβ and its inverse g
αβ. A frame
(local basis) structure eα on V(d) is characterized by its anholonomy coefficients w
α
βγ
defined from relations
eαeβ − eβeα = wγαβeγ . (1)
With respect to a fixed basis eα and its dual e
β we can decompose tensors and
write down their components, for instance,
T = T γαβ eγ ⊗ eα ⊗ eβ
where by ⊗ it is denoted the tensor product.
A spacetime V(d) is holonomic (locally integrable) if it admits a frame
structure for which the anholonomy coefficients from (1) vanishes, i.e. wγαβ = 0. In
this case we can introduce local coordinate bases,
∂α = ∂/∂u
α (2)
and their duals
dα = duα (3)
and consider components of geometrical objects with respect to such frames.
We note that the general relativity theory was formally defined on holonomic
pseudo-Riemannian manifolds. Even on holonomic spacetimes, for various (geo-
metrical, computational and physically motivated) purposes, it is convenient to use
anholonomic frames eα, but we emphasize that for such spacetimes one can always
define some linear transforms of frames to a coordinate basis, eα = a
α′
α ∂α′. By
applying both holonomic and anholonomic frames and theirs mutual transforms
on holonomic pseudo-Riemannian spaces there were developed different variants of
tetradic and spinor gravity and extensions to linear, affine and de Sitter gauge group
gravity models [10, 26, 12].
A spacetime is generically anholonomic (locally non-integrable) if it does
not admit a frame structure for which the anholonomy coefficients from (1) vanishes,
i.e. wγαβ 6= 0. In this case the anholonomy becomes a proper spacetime characteris-
tics. For instance, a generic anholonomy could be obtained if we consider nontrivial
reductions from higher dimension spaces to lower dimension ones. It induces non-
vanishing additional terms into the torsion,
T (δγ , δβ) = T
α
βγδα,
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and curvature,
R (δτ , δγ) δβ = R
α
β γτδα,
tensors of a linear connection Γαβγ , with coefficients defined respectively as
T αβγ = Γ
α
βγ − Γαγβ + wαβγ (4)
and
R αβ γτ = δτΓ
α
βγ − δγΓαβδ + ΓϕβγΓαϕτ − ΓϕβτΓαϕγ + Γαβϕwϕγτ . (5)
The Ricci tensor is defined
Rβγ = R
α
β γα (6)
and the scalar curvature is
R = gβγRβγ . (7)
The Einstein equations on an anholonomic spacetime are introduced in a stan-
dard manner,
Rβγ − 1
2
gβγR = kΥβγ, (8)
where the energy–momentum d–tensor Υβγ includes the cosmological constant terms
and possible contributions of torsion (4) and matter and k is the coupling constant.
For a symmetric linear connection the torsion field can be considered as induced by
some anholonomy (or equivalently, by some imposed constraints) conditions. For
dynamical torsions there are necessary additional field equations, see, for instance,
the case of locally anisotropic gauge like theories [35].
The usual locally isotropic Einstein gravity is obtained on the supposition that
for every anholonomic frame could be defined corresponding linear transforms to a
coordinate frame basis.
It is a topic of further theoretical and experimental investigations to establish if
the present day experimental data on anisotropic structure of Universe is a conse-
quence of matter and quantum fluctuation induced anisotropies and for some scales
the anisotropy is a consequence of anholonomy of observer’s frame. The spacetime
anisotropy could be also a generic property following, for instance, from string the-
ory, and from a more general self–consistent gravitational theory when both the left
(geometric) and right (matter energy–momentum tensor) parts of Einstein equations
depend on anisotropic parameters.
2.2 The local anisotropy and nonlinear connection
A subclass of anholonomic spacetimes consists from those with local anisotropy
modelled by a nonlinear connection structure. In this subsection we briefly outline
the geometry of anholonomic frames with induced nonlinear connection structure.
The la–spacetime dimension is split locally into two components, n for isotropic
coordinates and m for anisotropic coordinates, when n(a) = n +m with n ≥ 2 and
m ≥ 1. We shall use local coordinates uα = (xi, ya), where Greek indices α, β, ...
take values 1, 2, ..., n + m and Latin indices i and a are correspondingly n and m
dimensional, i.e. i, j, k... = 1, 2, ..., n and a, b, c, ... = 1, 2, ..., m.
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Now, we consider an invariant geometric definition of spacetime’s splitting into
isotropic and anisotropic components. For modelling la–spacetimes one uses a vec-
tor bundle E = (En+m, p,M(n), F(m), Gr) provided with nonlinear connection (in
brief, N–connection) structure N = {Naj (uα)}, where Naj (uα) are its coefficients
[23]. We use denotations: Em+n is a (n + m)–dimensional total space of a vector
bundle, M(n) is the n–dimensional base manifold, F(m) is the typical fiber being a
m–dimensional real vector space, Gr is the group of automorphisms of F(m) and p is
a surjective map. For simplicity, we shall consider only local constructions on vector
bundles.
The N–connection is a new geometric object which generalizes that of linear
connection. This concept came from Finsler geometry (see the Cartan’s monograph
[5]), the global formulation of it is due to W. Barthel [2], and it is studied in details
in Miron and Anastasiei works [23]. We have extended the geometric constructions
for spinor bundles and superbundles with further applications in locally anisotropic
field theory and strings and modern cosmology and astrophysics [30, 31, 32]. We
have also illustrated [34] that the N–connection could be introduced on (pseudo)
Riemnannian spacetimes and in Einstein gravity if we consider anholonomic frames
consisting from sets of basic vectors some of them being holonomic and the rest
anholonomic. In this case the N–connection coefficients are associated to the frame
structure and transforms into some metric components if the considerations are
transferred with respect to a coordinate basis.
The rigorous mathematical definition of N–connection is based on the formalism
of horizontal and vertical subbundles and on exact sequences of vector bundles.
Here, for simplicity, we define a N–connection as a distribution which for every
point u = (x, y) ∈ E defines a local decomposition of the tangent space of our vector
bundle, TuE, into horizontal, HuE, and vertical (anisotropy), VuE, subspaces, i.e.
TuE = HuE ⊕ VuE.
If a N–connection with coefficients Naj (u
α) is introduced on the vector bundle
E the modelled spacetime posses a generic local anisotropy and in this case we can
not apply in a usual manner the operators of partial derivatives and their duals,
differentials. Instead of coordinate bases (2) and (3) we must consider some bases
adapted to the N–connection structure:
δα = (δi, ∂a) =
δ
∂uα
=
(
δi =
δ
∂xi
=
∂
∂xi
−N bi
(
xj , yc
) ∂
∂yb
, ∂a =
∂
∂ya
)
(9)
and
δβ =
(
di, δa
)
= δuβ =
(
di = dxi, δa = δya = dya +Nak
(
xj , yb
)
dxk
)
. (10)
A nonlinear connection (N–connection) is characterized by its curvature
Ωaij =
∂Nai
∂xj
− ∂N
a
j
∂xi
+N bi
∂Naj
∂yb
−N bj
∂Nai
∂yb
. (11)
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Here we note that the class of usual linear connections can be considered as a
particular case when
Naj (x, y) = Γ
a
bj(x)y
b.
The elongation (by N–connection) of partial derivatives in the adapted to the N–
connection partial derivatives (9), or the locally adapted basis (la–basis) δβ, reflects
the fact that the spacetime E is locally anisotropic and generically anholonomic
because there are satisfied anholonomy relations (1),
δαδβ − δβδα = wγαβδγ ,
where anolonomy coefficients are as follows
wkij = 0, w
k
aj = 0, w
k
ia = 0, w
k
ab = 0, w
c
ab = 0,
waij = −Ωaij , wbaj = −∂aN bi , wbia = ∂aN bi .
On a la–spacetime the geometrical objects have a distinguished (by N–connec-
tion), into horizontal and vertical components, character. They are briefly called
d–tensors, d–metrics and/or d–connections. Their components are defined with
respect to a la–basis of type (9), its dual (10), or their tensor products (d–linear
or d–affine transforms of such frames could also be considered). For instance a
covariant and contravariant d–tensor Z, is expressed as
Z = Zαβδα ⊗ δβ = Z ijδi ⊗ dj + Z iaδi ⊗ δa + Zbj∂b ⊗ dj + Zba∂b ⊗ δa. (12)
A symmetric d–metric on la–space E is written as
δs2 = gαβ (u) δ
α ⊗ δβ = gij(x, y)dxidxj + hab(x, y)δyaδyb. (13)
A linear d–connection D on la–space E ,
Dδγδβ = Γ
α
βγ
(
xk, y
)
δα,
is parametrized by non–trivial h–v–components,
Γαβγ =
(
Li jk, L
a
bk, C
i
jc, C
a
bc
)
. (14)
Some d–connection and d–metric structures are compatible if there are satisfied the
conditions
Dαgβγ = 0.
For instance, a canonical compatible d–connection
cΓαβγ =
(
cLi jk,
c Labk,
cC ijc,
c Cabc
)
is defined by the coefficients of d–metric (13), gij (x, y) and hab (x, y) , and by the
coefficients of N–connection,
cLi jk =
1
2
gin (δkgnj + δjgnk − δngjk) , (15)
cLabk = ∂bN
a
k +
1
2
hac
(
δkhbc − hdc∂bNdi − hdb∂cNdi
)
,
cC ijc =
1
2
gik∂cgjk,
cCabc =
1
2
had (∂chdb + ∂bhdc − ∂dhbc)
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The coefficients of the canonical d–connection generalize for la–spacetimes the well
known Cristoffel symbols.
For a d–connection (14) we can compute the components of, in our case d–torsion,
(4)
T i.jk = T
i
jk = L
i
jk − Likj, T ija = C i.ja, T iaj = −C ija,
T i.ja = 0, T
a
.bc = S
a
.bc = C
a
bc − Cacb,
T a.ij = −Ωaij , T a.bi = ∂bNai − La.bj , T a.ib = −T a.bi.
In a similar manner, putting non–vanishing coefficients (14) into the formula for
curvature (5), we can compute the non–trivial components of a d–curvature
R.ih.jk = δkL
i
.hj − δjLi.hk + Lm.hjLimk − Lm.hkLimj − C i.haΩa.jk,
R.ab.jk = δkL
a
.bj − δjLa.bk + Lc.bjLa.ck − Lc.bkLa.cj − Ca.bcΩc.jk,
P .ij.ka = ∂kL
i
.jk + C
i
.jbT
b
.ka − (∂kC i.ja + Li.lkC l.ja − Ll.jkC i.la − Lc.akC i.jc),
P .cb.ka = ∂aL
c
.bk + C
c
.bdT
d
.ka − (∂kCc.ba + Lc.dkCd.ba − Ld.bkCc.da − Ld.akCc.bd)
S .ij.bc = ∂cC
i
.jb − ∂bC i.jc + Ch.jbC i.hc − Ch.jcC ihb,
S .ab.cd = ∂dC
a
.bc − ∂cCa.bd + Ce.bcCa.ed − Ce.bdCa.ec.
The components of the Ricci tensor (16) with respect to locally adapted frames
(9) and (10) (in this case, d–tensor) are as follows:
Rij = R
.k
i.jk, Ria = −2Pia = −P .ki.ka, (16)
Rai =
1Pai = P
.b
a.ib, Rab = S
.c
a.bc.
We point out that because, in general, 1Pai 6= 2Pia the Ricci d-tensor is non sym-
metric.
Having defined a d-metric of type (13) in E we can compute the scalar curvature
(7) of a d-connection D, ←−
R = GαβRαβ = R̂ + S, (17)
where R̂ = gijRij and S = h
abSab.
Now, by introducing the values (16) and (17) into anholonomic gravity field
equations (8) we can write down the system of Einstein equations for la–gravity
with prescribed N–connection structure [23]:
Rij − 1
2
(
R̂ + S
)
gij = kΥij , (18)
Sab − 1
2
(
R̂ + S
)
hab = kΥab,
1Pai = kΥai,
2Pia = −kΥia,
where Υij,Υab,Υai and Υia are the components of the energy–momentum d–tensor
field. We note that such decompositions into h– and v–components of gravitational
9
field equations have to be considered even in general relativity if physical interactions
are examined with respect to an anholonomic frame of reference with associated N–
connection structure.
There are variants of la–gravitational field equations derived in the low–energy
limits of the theory of locally anisotropic (super)strings [31] or in the framework
of gauge like la–gravity [35, 32] when the N–connection and torsions are dynamical
fields and satisfy some additional field equations.
2.3 Modelling of generalized Finsler geometries in
(pseudo) Riemannian spaces
The present day trend is to consider the Finsler like geometries and their general-
izations as to be quite sophisticate for straightforward applications in quantum and
classical field theory. The aim of this subsection is to proof that, a matter of prin-
ciple, such geometries could be equivalently modelled on corresponding (pseudo)
Riemannian manifolds (tangent or vector bundles) by using the Cartan’s moving
frame method and from this viewpoint a wide class of Finsler like metrics could be
treated as some solutions of usual Einstein field equations.
2.3.1 Almost Hermitian Models of Lagrange and Finsler Spaces
This topic was originally investigated by Miron and Anastasiei [23]; here we outline
some basic results.
Let us model a la–spacetime not on a vector bundle E but on a manifold T˜M =
TM\{0} associated to a tangent bundle TM of a n–dimensional base spaceM (when
the dimensions of the typical fiber and base are equal, n = m and \{0} means that
there is eliminated the null cross–section of the bundle projection τ : TM → M)
and consider d–metrics of type
δs2 = gαβ (u) δ
α ⊗ δβ = gij(x, y)dxidxj + gij(x, y)δyiδyi. (19)
On TM we can define a natural almost complex structure C(a) as follows
C(a) (δi) = −∂/∂yi and C(a)
(
∂/∂yi
)
= δi
where the la–derivative δi = ∂/∂x
i − Nki ∂/∂yk (9) and la–differential δi = dyi +
N ikdx
k (10) act on T˜M being adapted to a nontrivial N–connection structure N =
{Nkj (x, y)} in TM . It is obvious that C2(a) = −I. The pair
(
δs2, C(a)
)
defines an
almost Hermitian structure on T˜M with an associate 2–form
θ = gij (x, y) δ
iΛdxj
and the triad K2n =
(
T˜M, δs2, C(a)
)
is an almost Ka¨hlerian space. By straightfor-
ward calculations we can verify that the canonical d–connection (14) satisfies the
conditions
cDX
(
δs2
)
= 0, cDX
(
C(a)
)
= 0
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for any d–vector X on TM and has zero hhh– and vvv–torsions.
The notion of Lagrange space [20, 23] was introduced as a generalization of
Finsler geometry in order to geometrize the fundamental concepts in mechanics. A
regular Lagrangian L (xi, yi) on T˜M is introduced as a continuity class C∞ function
L : TM → IR for which the matrix
gij (x, y) =
1
2
∂2L
∂yi∂yj
(20)
has rank n and is of constant signature on T˜M. A d–metric (19) with coefficients of
form (20), a corresponding canonical d–connection (14) and almost complex struc-
ture C(a) defines an almost Hermitian model of Lagrange geometry.
For arbitrary metrics gij (x, y) of rank n and constant signature on T˜M , which
can not be determined as a second derivative of a Lagrangian, one defines the so–
called generalized Lagrange geometry on TM (see details in [23]).
A particular subclass of metrics of type (20) consists from those where instead
of a regular Lagrangian one considers a Finsler metric function F on M defined
as F : TM → IR having the properties that it is of class C∞ on T˜M and only
continuous on the image of the null cross–section in TM, the restriction of F on
T˜M is a positive function homogeneous of degree 1 with respect to the variables yi,
i. e.
F (x, λy) = λF (x, y) , λ ∈ IRn,
and the quadratic form on IRn with coefficients
gij (x, y) =
1
2
∂2F 2
∂yi∂yj
, (21)
defined on T˜M, is positive definite. Different approaches to Finsler geometry, its
generalizations and applications are examined in a number of monographs [11, 5, 23]
and as a rule they are based on the assertion that in this type of geometries the
usual (pseudo)Riemannian metric interval
ds =
√
gij (x) dxidxj
on a manifold M is changed into a nonlinear one defined by the Finsler metric
F (fundamental function) on T˜M (we note an ambiguity in terminology used in
monographs on Finsler geometry and on gravity theories with respect to such terms
as Minkowschi space, metric function and so on)
ds = F
(
xi, dxj
)
. (22)
Geometric spaces with a ’combersome’ variational calculus and a number of curva-
tures, torsions and invariants connected with nonlinear metric intervals of type (20)
are considered as less suitable for purposes of modern field and particle physics.
In our investigations of generalized Finsler geometries in (super) string, gravity
and gauge theories [30, 31] we advocated the idea that instead of usual geometric
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constructions based on straightforward applications of derivatives of (21) following
from a nonlinear interval (22) one should consider d–metrics (13) and/or (19) with
the coefficients of necessity determined via an almost Hermitian model of a Lagrange
(20), Finsler geometry (21) and/or their extended variants. This way, by a synthesis
of the moving frame method with the geometry of N–connection, we can investigate
a various class of higher and lower dimension gravitational models with generic or
induced anisotropies in a unified manner on some anholonomic and/or Kaluza–Klein
spacetimes.
As a matter of principle, having a physical model with a d–metric and geometrical
objects associated to la–frames, we can redefine the physical values with respect to
a local coordinate base on a (pseudo) Riemannian space. The coefficients gij (x, y)
and hab (x, y) of d–metric written for a la–basis δu
α = (dxi, δya) transforms into a
usual (pseudo) Riemannian metric if we rearrange the components with respect to
a local coordinate basis duα̂ =
(
dx̂i, dyâ
)
,
g
α̂β̂
=
 ĝîj +N âî N b̂ĵhâ̂b N êĵ hâê
N ê
î
h
b̂ê
h
â̂b
 , (23)
where ’hats’ on indices emphasize that coefficients of the metric are given with re-
spect to a coordinate (holonomic) basis on a spacetime V n+m. Parametrizations
(ansatzs) of metrics of type (23) are largely applied in Kaluza–Klein gravity and its
generalizations [25]. In our works [30, 31, 32, 34], following the geometric construc-
tions from [23], we proved that the physical model of interactions is substantially
simplified, as well we can correctly elucidate anisotropic effects, if we work with
diagonal blocks of d–metrics (13) with respect to anholonomic frames determined
by a N–connection structure.
2.3.2 Finsler like metrics in Einstein’s gravity
There are obtained [32, 34] (see Appendix) some classes of locally anisotropic cos-
mological and black hole like solutions (in three, four and higher dimensions) which
can be treated as generalized Finsler metrics being of nonspheric symmetry (with
rotation ellipsoid, torus and cylindrical event horizons, or with elliptical oscillations
of horizons). Under corresponding conditions such metrics could be solutions of field
equations in general relativity or its lower or higher dimension variants. Here we
shall formulate the general criteria when a Finsler like metric could be a solution of
gravitational field equations in Einstein gravity.
Let consider on T˜M an ansatz of type (23) when gij = hij =
1
2
∂2F 2/∂yi∂yj (for
simplicity, we omit ’hats’ on indices) i.e.
g
α̂β̂
=
1
2
 ∂2F 2∂yi∂yj +Nki N lj ∂2F 2∂yk∂yl N lj ∂2F 2∂yk∂yl
Nki
∂2F 2
∂yk∂yl
∂2F 2
∂yi∂yj
 . (24)
A metric (24), induced by a Finsler quadratic form (21) could be treated in a frame-
work of a Kaluza–Klein model if for some values of Finsler metric F (x, y) and N–
connection coefficients Nki (x, y) this metric is a solution of the Einstein equations
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(8) written with respect to a holonomic frame. For the dimension n = 2, when the
values F and N are chosen to induce locally a (pseudo) Riemannian metric g
α̂β̂
of
signature (−,+,+,+) and with coefficients satisfying the four dimensional Einstein
equations we define a subclass of Finsler metrics in the framework of general rela-
tivity. Here we note that, in general, a N–connection, on a Finsler space, subjected
to the condition that the induced (pseudo) Riemannian metric is a solution of usual
Einstein equations does not coincide with the well known Cartan’s N–connection
[5, 11]. We have to examine possible compatible deformations of N–connection
structures [23].
Instead of Finsler like quadratic forms we can consider ansatzs of type (23)
with gij and hij induced by a Lagrange quadratic form (20). A general approach
to the geometry of spacetimes with generic local anisotropy can be developed on
embeddings into corresponding Kaluza–Klein theories and adequate modelling of
la–interactions with respect to anholonomic or holonomic frames and associated
N–connection structures.
3 Collisionless relativistic kinetic equation
As argued in Section 2, the spacetimes could be of generic local anisotropy after non-
trivial reductions from some higher dimension theories or posses a local anisotropy
induced by anholonomic frame structures even we restrict our considerations to the
general relativity theory. In this line of particular interest is the formulation of rel-
ativistic kinetic theory with respect to general anholonomic frames and elucidation
of locally anisotropic kinetic and thermodynamic processes.
3.1 The distribution function and its moments
We use the relativistic approach to kinetic theory (we refer readers to monographs
[15, 36] for hystory and complete treatment). Let us consider a simple system
consisting from ̟ point particles of mass m˜ in a la–spacetime with a d–metric
gαβ. Every particle is characterized by its coordinates u
α
(l) =
(
xi(l), y
a
(l)
)
, (u1 = x1 =
ct is considered the time like coordinate, for simplicity we put hereafter the light
velocity c = 1); x2(l), x
3
(l), ..., x
n
(l) and y
1
(l), y
2
(l), ..., y
m
(l) are respectively space like and
anisotropy coordinates, where the index (l) enumerates the particles in the system.
The particles momenta are denoted by pα(l) = gαβp
β
(l), . We shall use the distribution
function Φ (uα, pβ) , given on the space of supporting elements (u
α, pβ) , as a general
characteristic of particle system.
The system (of particles) is to be defined by using the random function
φ (uα, pβ) =
∑̟
l=1
∫
δsδ(n(a))
(
uα − uα(l)(s)
)
δ(n(a))
(
pβ − pβ(l)(s)
)
, (25)
where the sum is taken on all system’s particles,
δs =
√
gαβδuαδuβ
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is the interval element along the particle trajectory uα(l)(s) parametrized by a natural
parameter s and δn(a) (uα) is the n(a)–dimensional delta function. The functions
uα(l)(s) and p
β
(l)(s) describing the propagation of the l–particle are found from the
motion equations on la–spacetime
m˜
δuα(l)
ds
= pα(l) (26)
m˜ D
δpα(l)
ds
= m˜
δpα(l)
ds
− cΓταβ
(
uγ(l)(s)
)
pτ(l)p
β
(l) = Fα(l),
where cΓαβγ is the canonical d–connection with coefficients (15) and by Fα(l) is
denoted an exterior force (electromagnetic or another type) acting on the lth particle.
The distribution function Φ (u, p) is defined by averaging on paths of random
function
Φ (u, p) =<< φ (u, p) >>
where brackets << ... >> denote path averaging.
Let consider a space like hypersurface F(uα) = const with elements δΣα = nαδΣ,
where nα =
DαT
|DT |
and dΣ =
√
|g|δ
n(a)u
nαδuα
, |DT | =
√
gαβDαDβT and
√
|g|δn(a)u is the
invariant space–time volume. A local system of reference in a point uα(0), with the
metric g
(0)
ij = ηij = diag (−1, 1, 1, ..., 1) , is obtained if F(uα(0)) = x1(0) . In this
case δΣα = δ
1
αδ
n(a)−1u, δn(a)−1u = dx2dx3...dxnδy1δy2...δym and δαβ is the Kronecker
symbol. The value
Φ (u, p) vαdΣα
δn(a)p√
|g|
,
where vα = pα/m˜ and δP = δn(a)p/
√
|g| = δp1δp2...δpn(a)/
√
|g| is the invariant
volume in the momentum space and defines the quantity of particles intersecting
the hypersurface element δΣα with momenta pα included into the element δP in
the vicinity of the point uα. The first < pα > and second moments < pαpβ >
of distribution function Φ (x, p) give respectively the flux of particles nα and the
energy–momentum T αβ,
< pα >=
∫
Φ (u, p) pαδP = m˜nα (27)
and
< pαpβ >=
∫
Φ (u, p) pαpβδP = m˜Υαβ . (28)
We emphasize that the motion equations (26) have the first integral, gαβp(l)α p
(l)
β =
m˜2 = const for every l–particle, so the functions (25) and, in consequence, Φ (u, p)
are non–zero only on the mass hypersurface
gαβpαpβ = m˜
2, (29)
which in distinguished by a N–connection form (see the dual to d–metric (13)) is
written
gijpipj + g
abpapb = m˜
2.
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For computations it is convenient to use a new distribution function f (u, p) on
a n(a) − 1 dimensional la–hyperspace (29)
Φ (uα, pβ) = f
(
uα, p
β̂
)
δ
(√
gαβpαpβ − m˜
)
θ (p1)
where
θ (p1) =
{
1, p1 ≥ 0
0, p1 < 0
}
and the index β̂ runs values in n(a) − 1 dimensional la–space. The flux of particles
(27) and of energy–momentum (28) are computed by using f(u, p) as
nα =
∫
δς pαf
(
uγ, p
β̂
)
,
with respective base ni and fiber na components,
ni =
∫
δς pif
(
uγ, p
β̂
)
and na =
∫
δς paf
(
uγ, p
β̂
)
,
when
Υαβ =
∫
δς pαpβf
(
uγ, p
β̂
)
where p1 is expressed via p2, p3, ..., pn(a) by using the equation (29) and it is used
the abbreviation δς = δn(a)−1p/(
√
|g|p1). The energy–momentum can be also split
into base–fiber (horizontal–vertical, in brief, h– and v–, or hv–components) by a
corresponding distinguishing of momenta, Υαβ = {Υij,Υaj ,Υib,Υab}.
The one–particle distribution function f (u, p) characterizes the number of parti-
cles (with mass m˜, or massless if m˜ = 0) at a point uα of a la–spacetime of dimension
n(a) having distinguished by N–connection momentum vector (in brief, momentum
d–vector) pα = (pi, pa) =
(
p1,−→p
)
. One states that
f (u, p) pβ δσβ δς = f (u, p) p
i δσi δς + f (u, p) p
a δσa δς,
gives the number of world–lines of particles with momentum d–vector pα in an
interval δpα around p, crossing a space like hypersurface δσβ at a point u.When δσβ
is taken to be time like one has δσβ = (δ
n(a)u, 0, ..., 0) .
The velocity d–field of a fluid Uµ in la–spacetime can be defined in some way
like in relativistic kinetic theory [15]. To obtain a particularly simple form for
the energy–momentum d–tensor one should follow the Landau–Lifshitz approach
[22] when the locally anisotropic fluid velocity Uµ (u) = (U i (u) , Ua (u)) and the
energy density ε (u) are defined respectively as the eigenvector and eigenvalue of the
eigenvalue equation
ΥαβUβ = εU
α. (30)
A unique value of Uα is to be found from the conditions to be a time like and
normalized to the unity d–vector, UαUα = 1.
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Having so fixed the fluid d–velocity we can define correspondingly the particle
density
n˜ (u) = nαUα, (31)
the energy density
ε˜ (u) = UαΥ
αβUβ (32)
and the average energy per particle
e = ε˜/n˜. (33)
We can introduce also the pressure d–tensor
P αβ (u) = ∆ατΥτν∆
νβ (34)
by applying the projector
∆αβ = gαβ − UαUβ (35)
with properties
∆αβ∆βµ = ∆
α
µ, ∆
αβUβ = 0 and ∆
µ
µ = n(a) − 1.
With respect to a la–frame (9) we can introduce a particular Lorentz system,
called the locally anisotropic rest frame of the fluid when Uµ = (1, 0, 0, ..., 0) and
∆αµ = diag (0, 1, 1, ..., 1) . So the pressure d–tensor was defined as to coincide with the
la–space part of the energy–momentum d–tensor with respect to a locally anisotropic
rest frame.
3.2 Collisionless kinetic equation
We start our proof by applying the identity∫
ds
d
ds
δn(a)
(
uα − uα(l)(s)
)
δn(a)
(
pβ − pβ(l)(s)
)
= 0.
Differentiating under this integral and taking into account the equation (29) we get
the relation
δ (pαφ)
∂uα
+
∂
∂pβ
(
cΓµβεpµp
εφ
)
= 0. (36)
In our further considerations we neglect the interactions between the particles and
suppose that the metric of the background gravitational field gαβ does not depend
on motion of particles. After averaging (36) on paths we define the equation for the
one–particle distribution function
δ (pαΦ)
∂uα
+
∂
∂pβ
(
cΓµβεpµp
εΦ
)
= 0. (37)
As a matter of principle we can generalize the problem [36] when particles are
considered to be also sources of gravitational field which is self–consistently defined
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from the Einstein equations with the energy–momentum tensor defined by the for-
mula (28).
Taking into account the identity
δpα
∂uα
+
∂
∂pβ
( cΓµβεpµp
ε) = 0
we get from (37) the collisionless kinetic equation for the distribution function
Φ (uα, pβ)
pβ D̂βΦ = 0, (38)
where
D̂β =
δ
∂uβ
− cΓεβαpα
∂
∂pε
(39)
generalizes the Cartan’s covariant derivation [5] for a space with higher order an-
isotropy (locally parametrized by supporting elements (uα, pβ)), provided with a
(extended to momenta coordinates) higher order nonlinear connection
N̂ εβ = δ
ε
aδ
i
βN
a
i − cΓεβαpα (40)
(on the geometry of higher order anisotropic spaces and superspaces and possible
applications in physics see [23, 30, 31]).
The equation (38) can be written in equivalent form for the distribution function
f
(
uα, p
β̂
)
,
pλ D̂λf = 0, (41)
with the Cartan’s operator defined on n(a) − 1 dimensional momentum space.
The kinetic equations (38) and, equivalently, (41) reflect the conversation low of
the quantity of particles in every volume of the space of supporting elements which
holds in absence of collisions.
Finally, in this subsection, we note that the kinetic equation (38) is formulated
on the space of supporting elements (uα, pβ) , which is characterized by coordinate
transforms
xi
′
= xi
′
(
xk
)
, ya
′
= yaKa
′
a
(
xi
)
(42)
and
pj′ = pi
∂xi
∂xj′
, pa′ = paK
a
a′(x
i),
where Ka
′
a (x
i) and Kaa′(x
i) take values correspondingly in the set of matrices para-
metrizing the group of linear transforms GL(m, IRm), where IR denotes the set of
real numbers. In a particular case, for dimensions n = m we can parametrize
Ki
′
i
(
xi
)
=
∂xi
′
∂xi
and Kii′(x
i) =
∂xi
∂xi′
|xi=xi(xi′ ) .
A distinguished by higher order nonlinear connection (40) tensor
Qα1α2...αrβ1β2...βq (u
ε, pτ ) being contravariant of rang r and covariant of rang q satisfy the
next transformation laws under chaingings of coordinates of type (42):
Q
α′1α
′
2...α
′
r
β′1β
′
2...β
′
q
(
uε
′
, pτ ′
)
=
∂uα
′
1
∂uα1
...
∂uα
′
r
∂uαr
∂uβ
∂uβ
′
1
...
∂uβq
∂uβ
′
q
Qα1α2...αrβ1β2...βq (u
ε, pτ) . (43)
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Operators of type (40) and transformations (42) and (43), on first order of anisotropy,
on tangent bundle TM on a n dimensional manifold M were considered by E. Car-
tan in his approach to Finsler geometry [5] and by A. A. Vlasov [36] in order to
formulate the statistical kinetic theory on a Finsler geometry background. It should
be emphasized that the Cartan–Vlasov approach is to be applied even in general
relativity because the kinetic processes are to be examined in a phase space pro-
vided with local coordinates (uε, pτ ). Our recent generalizations [30, 31] to higher
order anisotropy (including spinor and supersymmetric spaces) are to applied in the
case of models with nontrivial reductions (modelled by N–connections) from higher
dimensions to lower dimensional ones.
4 Kinetic equation with pair collisions
In this section we shall prove the relativistic kinetic equations for one–particle distri-
bution function f(uα, pβ) with pair collisions [7]. We summarize the related results
and generalize the constructions for Minkowski spaces [15].
4.1 Integral of collisions, differential cross–section and ve-
locity of transitions
If collisions of particles are taken into account (for simplicity we shall consider only
pair collisions), the quantity of particles from a volume in the space of supporting
elements is not constant. We have to introduce a source of particles C (x, p) , for
instance, in the kinetic equations (41),
pα D̂αf = C (f) = C (u, p) . (44)
The scalar function C (u, p) is called the integral of collisions (in the space of sup-
porting elements). The value
△n(a)u△
n(a)−1p
p1
C (u, p)
is the changing of the quantity of particles under pair collisions in a region
△n(a)u△n(a)−1p.
Let us denote by
W
(
p, p[1]|p′, p′[1]
)
p1p1[1]p
′1p′1[1]
(45)
the probability of transition for two particles which before scattering have the mo-
menta p̂
i
and p
1̂i
and after scattering the momenta p′
î
and p′
1̂i
with respective in-
accuracies △n(a)−1p′ and △n(a)−1p′1. The function W
(
p, p[1]|p′, p′[1]
)
(the so–called
collision rate) is symmetric on arguments p, p[1] and p
′, p′[1] and describes the veloc-
ity of transitions with conservation of momenta of type
pα + pα[1] = p
′α + p′α[1]
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when the conditions (29) hold.
The number of binary collisions within a la–spacetime interval δu around a point
u between particles with initial momenta in the ranges
(−→p ,−→p + δ−→p ) and
(−→p [1],−→p [1] + δ−→p [1])
and final momenta in the ranges(−→p ′,−→p ′ + δ−→p ′) and (−→p ′[1],−→p ′[1] + δ−→p ′[1])
is given by
f (u, p) f
(
u, p[1]
)
W
(
p, p[1]; p
′, p′[1]
)
δςpδςp[1]δςp′δςp′[1]δu (46)
were, for instance, we abbreviated δςp = δ
n(a)p/(
√
|g|p1).
The collision integral of the Boltzmann equation in la–spacetime (44) is expressed
in terms of the collision rate (45)
C (f) =
∫
f (u, p) f
(
u, p[1]
)
W
(
p, p[1]; p
′, p′[1]
)
δςp[1]δςp′δςp′[1]. (47)
The collision integral is related to the differential cross section (see below).
4.2 The Cross Section in La–spacetime
The number n(bin) of binary collisions per unit time and unit volume when the initial
momenta of the colliding particles lie in the ranges
(−→p ,−→p + δ−→p ) and
(−→p [1],−→p [1] + δ−→p [1])
and the final momenta are in some interval ς in the space of variables −→p ′ and −→p ′[1]
is to be obtained from (46) by dividing on δu = δtδx2...δxndy1...dym and integrating
with respect to the primed variables,
n(bin) = f (u, p) f
(
u, p[1]
)
× δςpδςp[1]
∫
ς
W
(
p, p[1]; p
′, p′[1]
)
δςp′δςp′
[1]
. (48)
Let us introduce an auxiliary velocity
v = F/(p1 p1[1]) (49)
were the so–called Mo¨ller flux factor is defined by
F =
[(
pαp[1]α
)2 − m˜4]1/2 . (50)
It may be verified that the speed v reduces to the relative speed of particles in a frame
in which one of the particles initially is at rest. We also consider the product of the
number density of target particles with momenta in the range
(−→p [1],−→p [1] + δ−→p [1])
(given by f
(
u, p[1]
)
δn(a)−1p[1]) and the flux of incoming particles with momenta in
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the range (−→p ,−→p + δ−→p ) (given by f (u, p) δn(a)−1p v, where v is the speed (49). This
product can be written
Ff (u, p) f
(
u, p[1]
)
δςpδςp[1]. (51)
By definition (like in usual the relativistic Boltzmann theory [7, 15, 3]) the cross
section σ˜ is the division of the number (48) to the number (51)
σ˜ =
1
F
∫
ς
W
(
p, p[1]; p
′, p′[1]
)
δςp′δςp′
[1]
. (52)
The condition that collisions are local implies that the collision rate must contain
n(a) delta–functions
W
(
p, p[1]; p
′, p′[1]
)
= w
(
p, p[1]; p
′, p′[1]
)
× δn(a)
(
p+ p[1] − p′ − p′[1]
)
. (53)
Let IRn(a)−1 be a (n(a) − 1)–dimensional Euclidean space enabled with an or-
thonormal basis
(
e1, e2, ..., en(a)−1
)
and denote by
(
u1, u2, ..., un(a)−1
)
the Cartesian
coordinates with respect to this basis. For calculations on scattering of particles it
is useful to apply the system of spherical coordinates (rn(a) = r, θn(a)−1, θn(a)−2, ..., θ1)
associated with the Cartesian coordinates (u1, u2, ..., ) . The volume element can be
expressed as
dn(a)−1u = (r)n(a)−2dr dn(a)−2Ωθ,
where the element of solid angle, the (n(a) − 1)–spherical element, is given by
dn+m−2 Ωθ = sin
n+m−3 θn+m−2 · sinn+m−4 θn+m−3 · ...
sin2 θ3 · sin θ2 × dθn+m−2 · ... · dθ2 · dθ1. (54)
In our further considerations we shall consider that the Cartesian and spherical
(n(a) − 1)–dimensional coordinates are given with respect to a la–frame of type (9).
In order to eliminate the delta functions from (53) put into (52) we fix as a
reference frame the center of mass frame for the collision between two particles with
initial momenta −→p and −→p [1]. The quantities defined with respect to the center of
mass frame will be enabled with the subindex CM. One denotes by −→p CM the polar
axis and characterizes the directions −→p ′CM of the outgoing particles with respect to
polar axis by means of generalized spherical coordinates. In this case
δn(a)−1p′CM =
∣∣∣−→p ′CM ∣∣∣n(a)−2 d ∣∣∣−→p ′CM ∣∣∣ dΩCM (55)
where dΩCM is given by the formula (54).
The total
(
n(a) + 1
)
–momenta before and after collision in la–spacetime are given
by d–vectors
P α = pα + pα[1], P
′α = p′α + p′α[1]. (56)
Following from
P ′1CM = 2p
′1
CM = 2
√∣∣∣−→p ′CM ∣∣∣2 + m˜2
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we have ∣∣∣−→p ′CM ∣∣∣2 d ∣∣∣−→p ′CM ∣∣∣ = 14P ′1CM dP ′1CM .
In result the formula for the volume element (55) transforms into
δn(a)−1p′CM =
1
4
∣∣∣−→p ′CM ∣∣∣n(a)−2 P ′1CM dP ′1CM dΩCM .
Inserting this collision rate (53) into (52) we obtain an integral which can be
rewritten (see the Appendices 1 and 7 to the paper [3] for details on transition to
the center of mass variables; in la–spacetimes one holds good similar considerations
with that difference that me must work with respect to la–frames (9) and (10) and
d–metric (13) )
σ =
F n(a)−4
En(a)−2
∫
ς
w dΩCM (57)
where E =
√
P αPα, , is the total energy (devided by c = 1).
The differential section in the center of mass system is found from (57)
δσ
dΩ
|
CM
=
F n(a)−4
En(a)−2
w
which allow to express the collision rate (53) as
W
(
p, p[1]; p
′, p′[1]
)
=
En(a)−2
F n(a)−4
× δσ
dΩ
|
CM
·δn(a)
(
p+ p[1] − p′ − p′[1]
)
. (58)
We shall use the formula (58) in order to compute the transport coefficients.
5 Equilibrium States in La–Spacetimes
When the system is in equilibrium we can derive an expression for the particle
distribution function f (u, p) = f(eq) (u, p) in a similar way as for locally isotropic
spaces and write
f(eq) (u, p) =
1
(2πh¯)n(a)−1
exp
(
µ− piUi − paUa
kBT
)
, (59)
where kB is Boltzmann’s constant and h¯ is Planck’s constant divided by 2π and µ =
µ (u) and T = T (u) are respectively the thermodynamic potential and temperature.
For simplicity, in this section we shall omit explicit dependencies of µ and T on la–
spacetime coordinates u. Our thermodynamic systems will be considered in local
equilibrium in a vicinity of a point u[0] with respect to a rest frame locally adapted to
N–connection structure, like (9) and (10). In the simplest case the n+m splitting is
trivially given by a N–connection with vanishing curvature (11). For such conditions
of trivial la–spacetime µ and T can be considered as constant values.
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5.1 Particle Density
The formula relating the particle density n˜, temperature T, and thermodynamic
potential µ is obtained by inserting (59) into (31), with (27). Choosing the locally
adapted to the N–connection (9) to be the rest frame, when Uµ = (1, 0, . . . , 0) the
calculus is to be performed as for isotropic n(a) dimensional spaces [3]. The integral
for the number of particles per unit volume in the rest la–frame is
n˜ (µ, T ) =
1
(2πh¯)n(a)−1
exp
(
µ
kBT
)
×
∫
p1 exp
(
− p
1
kBT
)
dn(a)−1p
p1
, (60)
with
p1 =
(
|−→p |2 + m˜2
)1/2
(61)
and depends only on length of n(a)−1 dimensional d–vector −→p . By applying spherical
coordinates, when
dn(a)−1p = |−→p |n(a)−2 d |−→p | dΩ
and dΩ is given by the expression (54), and differentiating on radius ρ the well
known formula for the volume Vn(a)−1 in a n(a) − 1 dimensional Euclidean space
Vn(a)−1 =
(
n(a) − 1
)
π(n(a)−1)/2
Γ[(n(a) + 1)/2]
ρ, (62)
where Γ is the Euler gamma function, then putting ρ = 1 we get
∫
dΩ =
(
n(a) − 1
)
π(n(a)−1)/2
Γ[(n(a) + 1)/2]
. (63)
We note that from (61) one follows
|−→p | d |−→p | = p1 dp1
and we can transform (60) into an integral with respect to the angular variables
through the replacement
dn(a)−1p
p1
→
(
n(a) − 1
)
π(n(a)−1)/2
Γ[(n(a) + 1)/2]
|−→p |n(a)−3 dp1.
Introducing the dimensionless quantities
ξ = p1/kBT, and ϑ = m˜/kBT, (64)
for which, respectively,
dp1 = kBT dξ, and |−→p | = kBT
√
ξ2 − ϑ2, (65)
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the integral (60) is computed
n˜ (µ, T ) = 2n(a)/2
(
πm˜
2πh¯
)n(a)−1 (kBT
m˜
)(n(a)−2)/2
(66)
× exp
(
µ
kBT
)
K(n(a)+1)/2
(
m˜
kBT
)
,
where the modified Bessel function of the second kind of order n(a)/2 has the integral
representation
Ks (η) =
√
π
(2η)s Γ
(
s+ 1
2
) ∫ ∞
η
e−q
(
q2 − η2
)s−1/2
dq. (67)
We note the dependence of (66) (but not of (65)) on m anisotropic parame-
ters (coordinates). The formulas proved in this subsection transforms into locally
anisotropic ones [3] if the N–connection is fixed to be trivial (with vanishing N–
connection curvature (11)) and the d–metric (13) transforms into a usual (pseudo)
Riemannian one.
5.2 Average energy and pressure
The average energy per particle, for a system in equilibrium, can be calculated by
introducing the distribution function (59) into (33) and applying the formulas (28),
(32) and (66). In terms of dimensionless variables (64) we have
ε (µ, T ) =
(kBT )
n(a)
(2πh¯)n(a)−1
(
n(a) − 1
)
π(n(a)−1)/2
Γ[(n(a) + 1)/2]
× exp
(
µ
kBT
) ∫ ∞
ϑ
(
ξ2 − ϑ2
)(n(a)−3)/2
ξ2dξ.
After carrying out partial integrations together with applications of the formula(
q2 − ζ2
)(s−2)/2
=
1
s
d
dq
[(
q2 − ζ2
)s/2]
we obtain
ε (ϑ) = π(n(a)−2)/2
m˜n(a)
(2πh¯)n(a)−1
(
2
ϑ
)n(a)/2
(68)
× exp
(
µ
kBT
) [
ϑK(n(a)+2)/2 (ϑ)−Kn(a)/2 (ϑ)
]
.
Dividing the energy density (68) to the particle density (60) and substituting
the inverse dimensionless temperature ϑ = ϑ (T ) (64) we get the energy per particle
(33)
e (T ) = kBT
 m˜
kBT
K(n(a)+2)/2
(
m˜
kBT
)
Kn(a)/2
(
m˜
kBT
) − 1
 . (69)
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This formula is the thermal equation of state of a equilibrium system having m
anisotropy parameters (we remember that n(a) = n+m) with respect to a la–frame
(9).
The pressure d–tensor is to be computed by substituting (59) into (34), applying
also the integral (28). We get
P αβ = −kBT n˜ (µ, T )∆αβ , (70)
were, by definition, the coefficients before ∆αβ determine the pressure
P˜ = kBT n˜ (µ, T ) . (71)
So, for a system of n(a) − 1 = n +m− 1 dimensions the expression (71) defines
the equation of state of ideal gas of particles with respect to a la–frame, having m
anisotropic parameters.
5.3 Enthalpy, specific heats and entropy
The average enthalpy per particle
h (T ) = e (T ) + P˜ (µ, T ) /n˜ (µ, T ) (72)
is computed directly by substituting in this formula the values (69),(71) and (66).
The result is
h (T ) = m˜
K(n(a)+2)/2
(
m˜
kBT
)
Kn(a)/2
(
m˜
kBT
) . (73)
Using (69) and (73) we can compute respectively the specific heats at constant
pressure and at constant volume
cp =
(
∂h
∂T
)
p
and cv =
(
∂e
∂T
)
v
.
Subtracting of h and e, after carrying out the differentiation with respect to T,
one finds Mayer’s relation,
cp − cv = kB
and, introducing the adiabatic constant γ = cp/cv,
γ
γ − 1 = ϑ
2 +
(
n(a) + 1
) h
kBT
−
(
h
kBT
)2
. (74)
The relation (74) can be proven by straightforward calculations by using the prop-
erties of Bessel’s function (67) (see a similar proof for isotropic spacetimes in [3]).
The entropy per particle is introduced as in the isotropic case
s =
h− µ
T
. (75)
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We have to insert the values of µ (found from (66)
µ (n˜, T ) = kBT × ln (2πh¯)
n(a)−1 n˜
(2m˜)n(a)/2(πkBT )
(n(a)−2)/2Kn(a)/2
(
m˜
kBT
) (76)
and of h (see (73) in order to obtain the dependence s = s (T ) (for simplicity, we
omit this cumbersome formula).
5.4 Low and high energy limits
Let us investigate the non–relativistic locally anisotropic limit by applying the
asymptotic formula [1]
Ks (ϑ) ∼
√
π
2ϑ
e−ϑ
valid for large ϑ. The formula (69) gives
e ∼ m˜+ n +m− 1
2
kBT.
Thus, each isotropic and anisotropic dimension contributes with kBT/2 to the aver-
age energy per particle.
Now, we consider high temperatures. For ϑ → 0 one holds the asymptotic
formula [1]
Ks (ϑ) ∼ 2s−1Γ (s)ϑ−s
and the particle number density (66), the energy (69), enthalpy (73) and entropy
(75) can be approximated respectively (we state explicitly the dimensions n + m)
by
n˜ (µ, T ) = 2n+m−1πn+m−2Γ
(
n +m
2
)
×
(
kBT
2πh¯
)n+m−1
exp
(
µ
kBT
)
, (77)
e = (n +m− 1) kBT, h = (n +m) kBT,
s = (n +m) kB.
In consequence, the corresponding specific heats and adiabatic constant are
cp = (n+m) kB, cv = (n +m− 1) kB and γ = n+m
n+m− 1 .
These formulas imply that for large T the spacetime anisotropy (very possible at
the beginning of our Universe) could modify substantially the thermodynamic pa-
rameters.
Finally we emphasize that in the ultrarelativistic limit
s = 2n+m−1πn+m−2 (n+m)× Γ
(
n+m
2
)(
kBT
2πh¯
)n+m−1
kB
n˜
. (78)
We also note that our treatment was based on Maxwell–Boltzmann instead of Bose–
Einstein statistics.
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6 Linearized Locally Anisotropic
Transport Theory
For systems with local anisotropy outside equilibrium the distribution function
f(eq)(u, p) (59) must be generalized to another one, f(u, p), solving the kinetic la–
equation (44). We follow a standard procedure of linearization and construction of
solutions of kinetic equations by generalizing to la–spacetimes the Chapman–Enskog
approach (we shall extend to locally anisotropic backgrounds the results presented
in [15]).
We write
f (u, p) = f[0] (u, p) [1 + ϕ (u, p)] (79)
with the lowest order of approximation to f taken similarly to (59)
f[0] (u, p) =
1
(2πh¯)n(a)−1
× exp
(
µ(u)− piUi(u)− paUa(u)
kBT (u)
)
(80)
where the constant variables of a trivial equilibrium µ, T and Uα are changed by
some local conterparts µ (u) , T (u) and Uα (u) . Outside equilibrium the first two
dependencies µ (u) and T (u) are defined respectively from relations (76) and (69).
6.1 Linearized Transport Equations
The so–called deviation function ϕ (u, p) from (79) describes the deformation by
nonequilibrium flows of f[0] (u, p) into f (u, p) . It is considered that in equilibrium ϕ
vanishes and not too far from equilibrium states it must be small. The Chapman–
Enskog method states that after substituting f[0] into the left side and f[0] (1 + ϕ)
into the right hand of (44) we shall neglect the quadratic and higher terms in ϕ.
In result we obtain a linearized equation for the deviation function (for simplicity,
hereafter we shall not point to the explicit dependence of functions, kinetic and
thermodynamic values on spacetime coordinates)
−pαD̂αf[0] = f[0]L[ϕ]
where, having introduced (80) into (47), we write for the right side
L[ϕ] = −pαD̂α
(
µ− piUi − paUa
kBT
)
.
The left side is to be computed by applying the generalized Cartan derivative (39).
We introduce a locally anisotropic generalization of the gradient operator by
considering the operator (in brief, la–gradient)
∇α = △βα Dβ (81)
with△βα given by (35) (we use the a d–covariant derivative defined by a d–connection
(14) instead of partial and/or isotropic derivatives for isotropic spaces [15, 3]). In a
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local rest frame of the isotropic fluid ∇α → (0, ∂1, ∂2, ...) , i.e. in the flat isotropic
space the la–gradient reduces to the ordinary space gradient. By applying ∇α we
can eliminate the time la–derivatives
kBTL[ϕ] = p
αpβ∇αUβ − Tpα∇α
(
µ
T
)
− pαpβUα
(∇βT
T
− ∇βp
hn˜
)
(82)
+[(γ − 1) pαUα + T 2 (γ − 1) ∂
∂T
(
µ
T
)
+ n˜
(
∂µ
∂n
)
]pεUε∇υUυ.
We can verify, using the expression µ = µ (n˜, T ) from (76) that one holds the
equalities
∂
∂T
(
µ
T
)
= − e
T 2
,
∂µ
∂n˜
=
kBT
n˜
and
1
n˜
∇α p = h∇α T
T
+ T∇α
(
µ
T
)
.
Introducing these expressions into (82) we get
kBT L[ϕ] = ΞX + (h− pαUα)△βεpβXβ
+
(
△βε△αγ −
1
n+m− 1△εγ△
βα
)
pβpα
(0)Xεγ,
where
Ξ =
(
n +m
n+m− 1 − γ
)
(pαUα)
2 + [(γ − 1)h− γkBT ] pαUα − m˜
2
n+m− 1 (83)
and there were considered forces deriving the system towards equilibrium
X = −∇µUµ, Xα = ∇
α T
T
− ∇
α p
n˜h
and
(0)Xεγ =
1
2
(∇εUγ +∇γUε)− 1
n+m− 1△
εγ∇µUµ.
We note that the values kBT L[ϕ],Ξ and
(0)Xεγ depend explicitly on the dimen-
sions of the base subspace, n, and of the fiber subspace, m. The anisotropy also
modify both the thermodynamic and kinetic values via operators ∇µ and △βε which
depend explicitly on d–metric and d–connection coefficients.
6.2 On the solution of locally anisotropic transport equa-
tions
Let us suppose that is known the solution of these three equations:
kBTL[A (p)] = Ξ, (84)
kBTL[B (p)△βα pβ] = (h− pαUα)△βα pβ
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and
kBTL
[
C (p)
(
△βα△σε −
1
n+m− 1△αε△
βσ
)
pβ pσ
]
=
(
△βα△σε −
1
n+m− 1△αε△
βσ
)
pβ pσ
for some functions A (p) , B (p) and C (p) . Because the integral operator L is linear
the linear combination of thermodynamic forces
ϕ = AX +BαX
α + Cαβ
(0)Xαβ,
where
Bα = B (p)△βα pβ
and
Cαβ = B (p)
(
△εα△σβ −
1
n+m− 1△αβ△
εσ
)
pε pσ,
is a solution for the deviation function ϕ.
It can also be verified that every function of the form ϕ = a + bαp
α with some
parameters a and bα not depending on p
α is a solution of the homogeneous equation
L [ϕ] = 0. In consequence, it was proved (see [8] and [3]) that the scalar parts of A (p)
and B (p) are determined respectively up to functions of the forms ϕ = a + bαp
α
and bαpα. We emphasize that solutions of the transport equations (84) (see next
subsections) will be expressed in terms of A,B, and C.
6.3 Linear laws for locally anisotropic non–equilibrium
thermodynamics
Let Uβ (u) be a velocity field of Landau–Lifshitz type characterizing a locally an-
isotropic fluid flow. The heat flow and the viscous pressure d–tensor with respect to
a such la–field are correspondingly defined similarly to [15] but in terms of objects
on la–spacetime (see formulas (73), (70), (35), (34), (28), (27), (14), (9), (10), (13)
Iα(heat) =
(
UαΥ
αβ − hnβ
)
△εβ, (85)
Παβ = P αβ + p△αβ.
It should be noted that if the Landau–Lifshitz condition (30) is satisfied the first term
in Iν(heat) vanishes and the heat flow is the enthalpy carried away by the particles.
The pressure P (u) is defined by n˜ (u) kBT (u) , see (71). Inserting (79) and (80)
into (85) we prove (see locally isotropic cases in [15, 3]) the linear laws of locally
anisotropic non–equilibrium thermodynamics
Iν(heat) = λTX
ν
and
Παβ = 2η (0)Xαβ − η(v)X△εσ
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with the transport coefficients (the heat conductivity λ, the shear viscosity η, and
the volume viscosity coefficient η(v); in order to compare with formulas from [3] we
shall introduce explicitly the light velocity constant c) defined as
λ = − c
(n +m− 1)T
∫
pσBε△εσ (h− pνUν) f[0]dςp,
η(v) = − c
n +m− 1
∫
pεpσ△εσAf[0]dςp, (86)
η =
c
(n+m) (n+m− 4)
∫
pσpεCνµ△νµσεf[0]dςp,
where one uses the d–tensor
△νµσε =
1
2
(△vσ△µε −△vε△µσ)−
1
n +m− 1△
νµ△σε
with the properties
△νµρσ△ρσφε = △νµφε
and
△ρσρσ = −1 +
(n+m)(n +m− 1)
2
.
The main purpose of non–equilibrium thermodynamics is the calculation of trans-
port coefficients. With respect to la–frames the formulas are quite similar with those
for isotropic spaces with that difference that we have to consider the values as d–
tensors and take into account the number m of anisotropic variables.
On both type of locally isotropic and anisotropic spacetimes one holds the so–
called conditions of fit (see, for instance, [3])∫
pεU
εAf[0]dςp = 0 and
∫
(pεU
ε)2Af[0]dςp = 0
which allow us to write the volume viscosity (see (83))
η(v) = c
∫
ΞAf[0]dςp.
For some d–tensors Hα1,...αq (p) and Sα1,...αq(p) we define the symmetric bracket
{H,S} = 1
n˜2
∫
Hα1,...αq (p)L
[
Sα1,...αq(p)
]
f[0]dςp
where n˜ is the particle density and L is a linearized operator. In terms of such
brackets the coefficients (86) can be rewritten in an equivalent form
λ = − ckBn˜
2
n +m− 1 {B
α, Bα} , (87)
η =
ckBT n˜
2
(n+m− 1)2 − 3
{
Cαβ, Cαβ
}
,
η(v) = ckBT n˜
2 {A,A} .
The addition of invariants of type ϕ = a + bαp
α to some solutions for A (p) ,
Bα (p) , or Cαβ (p) does not change the values of the transport coefficients.
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6.4 Integral and algebraic equations
The solutions of transport equations (84) are approximated [3] by considering power
series on ζ = pαUα/kBT for functions
A (ζ) =
∞∑
â=2
Aâζ
â, B (ζ) =
∞∑
b̂=1
B
b̂
ζ b̂, C (ζ) =
∞∑
ĉ=0
Cĉζ
ĉ.
The starting values â = 2 and b̂ = 1 have been introduced with the aim to determine
the scalar functions A (ζ) and B (ζ) , respectively, up to contributions of the forms
a + bαp
α and bαpα. Inserting these power series into the integral equations (84),
multiplying respectively on ζ ŝf[0], ζ
ŝpαf[0], and ζ
ŝpαpβf[0], after integrating on dςp
we get
∞∑
â=2
aâ1âAâ = αâ1 ,
∞∑
b̂=1
b̂
b1 b̂
B
b̂
= β
b̂1
,
∞∑
ĉ=0
cĉ1ĉCĉ = γĉ1,
where â1 = 2, 3, . . . , b̂1 = 1, 2, . . . , ĉ1 = 0, 1, . . . , and there are symmetric brackets
aâ1â = {ζ â1, ζ â}, (88)
b̂
b1 b̂
= {ζ b̂1pα, ζ b̂△vαpν},
cĉ1ĉ = {ζ ĉ1pαpβ, ζ ĉ△vµαβpνpµ}
and integrals
αâ1 =
∫ ζ â1Ξf[0]
kBT n˜2
dςp, (89)
β
b̂1
=
∫ ζ b̂1 (h− pαUα)△µνpµpνf[0]
kBT n˜2
dςp,
γĉ1 =
∫ ζ ĉ1△vµαβpνpµpαpβf[0]
kBT n˜2
dςp.
The lowest approximation is given by the coefficients
A2̂ = α2̂/a2̂̂2, B1̂ = β1̂/b1̂1̂, C0̂ = γ0̂/c0̂0̂.
Introducing these values into (87) we obtain the first–order approximations to the
transport coefficients
λ = − ckBn˜
2
n +m− 1
β2
1̂
a2̂2̂
, (90)
η =
ckBT n˜
2
(n+m) (n+m− 1)− 2
γ2
0̂
c0̂0̂
,
η(v) = ckBT n˜
2
α2
2̂
a2̂2̂
.
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The values α2̂, β1̂ and γ0̂ are (n +m− 1)–fold integrals which can be expressed in
terms of enthalpy h and temperature T,
α2̂ =
n +m+ 1− (n+m− 1) γ
ckBT n˜
− (n+m− 1) γ
cn˜
−→︸︷︷︸
T→∞
0, (91)
β1̂ =
kBT
cn˜
(n +m− 1)γ
γ − 1 −→︸︷︷︸
T→∞
kBT
cn˜
(n +m− 1) (n+m) ,
γ0̂ =
kBT
c2n˜
(n+m− 2) (n+m+ 1) h −→︸︷︷︸
T→∞
1
n˜
(
kBT
c
)2 [
(n+m)2 − 1
]
(n+m) .
In order to complete the calculus of the transport coefficients it is necessary to
compute the brackets from the denominators of (90).
6.5 Brackets from flat to la–spacetimes
The calculation of brackets is a quite tedious task (see [3]) which should involve the
curved spacetime metric and connection. For simplicity, we consider a background
flat spacetime with trivial local anisotropy. In this case we can apply directly the
formulas proved for the Boltzmann theory in n(a) dimension but with respect to
la–frames and by introducing the locally anisotropic d–connections and d–metrics
instead of their isotropic analogous.
Let us consider a locally adapted to N–connection rest frame, −→e being a unit
vector and denote by
(
Θn(a)−1,Θn(a)−2, ...,Θ1
)
the angles of spherical coordinates
with respect to a Cartesian one (X1, X2, ..., Xn(a)) chosen as the Xn(a)–axis to be
along −→p CM (where |−→p CM | = F/P˜ , P˜ = |P α|, see (50) (56), and −→p CM −→e in the
plane of Xn(a) and Xn(a)−1 axes. We suppose that the scattering angle is Θn(a)−1 and
the differential cross section (dσ/dΩ)CM is a function only on the module of total
energy and on scattering angle Θ = Θn(a)−1,(
dσ
dΩ
)
CM
=
(
dσ
dΩ
)
CM
(
P˜ ,Θ
)
.
The results of calculations of symmetric brackets will be expressed into terms of
twofold integrals, which for arbitrary integers
J
(̂i,̂j,̂k)
r̂ŝ
(
ζ, t̂, û, v̂, ŵ
)
= ν (ζ)
(
r̂
t̂
)(
ŝ
û
)(
d̂/2
v̂
)
2̂b+v̂−d̂√
π
(92)
× Γ
[
b̂+ v̂ +
1
2
]
F
(
t̂, û, v̂
) ∞∫
2ζ
dχ χ(n+m−1+d̂−û−b̂−v̂+̂i)
×
(
χ2
4
− ζ2
)(n+m−2+t̂+û+ĵ)/2
K
b̂+v̂−ĥ
(ζ)
[
δ0ŵ −
(
û
ŵ
)
sinŵ Θcosû−ŵΘ
]
×
π∫
2ζ
dΘ sinn+m−1Θ
(
dσ
dΩ
)
CM
(
P˜ ,Θ
)
,
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where there are introduced the integers
d̂ = r̂ + ŝ− t̂− û, b̂ =
(
t̂ + û+ n +m− 2
)
/2, ĥ = [1− (−1)d̂]
and variables χ = c/ (kBT ) and ζ = m˜c
2/ (kBT ) . The factors in (92) are defined
ν (ζ) =
π(n+m−3)/2
2Γ ((n+m− 1)/2) Γ (n +m− 3) ζ2
[
Kn+m
2
(ζ)
]2 ,
and
F
(
t̂, û, ŵ
)
=
1
4
[
1 + (−1)ŵ
] [
1 + (−1)t̂+û−ŵ
]
×B
(
n+m− 3
2
,
ŵ + 1
2
)
× B
(
n+m− 2 + ŵ
2
,
t̂+ û− ŵ + 1
2
)
,
where the beta function is given by gamma functions,
B (x, y) =
Γ (x) Γ (y)
Γ (x+ y)
,
and by
(
r̂
t̂
)
it is denoted the Newton’s binomium.
6.5.1 Scalar type brackets
The first type of brackets necessary for calculation of transport coefficients (87) (see
the series approximation (88) are the so–called the scalar brackets, decomposed into
a sum of two integrals
aâ1â = a
′
â1â
+ a′′â1â, (93)
where â1, â = 2, 3, . . . ,
a′â1â = n˜
−2
∫
f[0] (p) f[0]
(
p[1]
)
(ζp)
â1 × [
(
ζp[1]
)â − (ζp′
[1]
)â
]Wdςpdςp[1]dςp′dςp′[1],
a′′â1â = n˜
−2
∫
f[0] (p) f[0]
(
p[1]
)
(ζp)
â1 × [(ζp)â − (ζp′)â]Wdςpdςp[1]dςp′dςp′[1],
with the integration variables
ζp = p
αUα/kBT, ζp[1] = p
α
[1]Uα/kBT,
ζp′ = p
′αUα/kBT, ζp′
[1]
= p′α[1]Uα/kBT.
The explicit calculations of integrals from (93) (see the method and basic intermediar
formulas in [3]; in this paper we deal with la–values) give
a′â1â =
â1∑
t̂=0
â∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (0,0,0)
â1â
(
t̂, û, v̂, ŵ
)
,
a′′â1â =
â1∑
t̂=0
â∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
J
(0,0,0)
â1â
(
t̂, û, v̂, ŵ
)
.
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In the lowest approximation, for â1 = â = 2, we obtain
a2̂2̂ = 2
[
J
(0,0,0)
2̂̂2
(
2̂, 2̂, 0̂, 0̂
)
+ J
(0,0,0)
2̂2̂
(
2̂, 2̂, 0̂, 2̂
)]
.
So, we have reduced the scalar brackets to twofold integrals which are expressed in
terms o spherical coordinates with respect to a locally anisotropic rest frame.
6.5.2 Vector type brackets
The vector type brackets from (87) and (88) are also split into two types of integrals
b̂
b1 b̂
= b′
b̂1 b̂
+ b′′
b̂1 b̂
(94)
where b̂1, b̂ = 1, 2, . . . ,
b′
b̂1 b̂
= n˜−2
∫
f[0] (p) f[0]
(
p[1]
)
△σε (ζp)̂b1 pσ
×
[
pε[1]
(
ζp[1]
)̂b − p′ε[1] (ζp′[1] )̂b
]
Wdςpdςp[1]dςp′dςp′[1],
b′′
b̂1 b̂
= n˜−2
∫
f[0] (p) f[0]
(
p[1]
)
△σε (ζp)̂b1 pσ
×
[
pε (ζp)̂
b − p′ε (ζp′ )̂b
]
Wdςpdςp[1]dςp′dςp′[1].
A tedious calculus similar to that presented in [3] implies further decompositions of
coefficients and their representation as
b′
b̂1 b̂
=
3∑
(i)=1
b′
(i)̂b1 b̂
and b′′
b̂1 b̂
=
3∑
(i)=1
b′′
(i)̂b1 b̂
,
with corresponding sums
b′
(1)̂b1 b̂
=
1
4
(
kBT
c
)2
×
b̂1∑
t̂=0
b̂∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (2,0,0)
â1â
(
t̂, û, v̂, ŵ
)
,
b′
(2)̂b1 b̂
=
(
kBT
c
)2 b̂1∑
t̂=0
b̂∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (0,2,1)
â1â
(
t̂, û, v̂, ŵ
)
,
b′
(2)̂b1 b̂
= −
(
kBT
c
)2 b̂1∑
t̂=0
b̂∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (0,2,1)
â1+1â+1
(
t̂, û, v̂, ŵ
)
;
with corresponding sum expressions for b′′
(i)̂b1 b̂
by omitting the factor (−1)û .
In the lowest approximation (for b̂1 = b̂ = 1) we have
b1̂1̂ = −2
(
kBT
c
)2
× [J (0,2,1)
1̂1̂
(
1̂, 1̂, 0̂, 0̂
)
+J
(0,0,0)
2̂2̂
(
2̂, 2̂, 0̂, 0̂
)
+ J
(0,0,0)
2̂̂2
(
2̂, 2̂, 0̂, 2̂
)
].
Here should be noted that in general T = T (u) is a function on la–spacetime
coordinates.
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6.5.3 Tensor type brackets
In a similar fashion as for scalar and vector type symmetric brackets from (87) and
(88) one holds the decomposition
cĉ1ĉ = c
′
ĉ1ĉ
+ c′′ĉ1ĉ (95)
where ĉ1, ĉ = 1, 2, . . . ,
c′
ĉ1ĉ
= n˜−2
∫
f[0] (p) f[0]
(
p[1]
)
△νµσε (ζp)ĉ1 pνpµ
×[pσ[1]pε[1]
(
ζp[1]
)ĉ − p′σ[1]p′ε[1] (ζp′[1])ĉ]Wdςpdςp[1]dςp′dςp′[1],
c′′
ĉ1ĉ
= n˜−2
∫
f[0] (p) f[0]
(
p[1]
)
△νµσε (ζp)ĉ1 pνpµ
×[pσpε
(
ζp[1]
)ĉ − p′σp′ε (ζp′
[1]
)ĉ
]Wdςpdςp[1]dςp′dςp′[1].
For tensor like brackets we have to consider sums on nine terms
c′ĉ1ĉ =
9∑
(s)=1
c′(s)̂c1ĉ and c
′′
ĉ1ĉ
=
9∑
(s)=1
c′′(s)̂c1ĉ.
These terms are [3] (with that exception that we have dependencies on the number
of anisotropic variables and T = T (u) is a function on la–spacetime coordinates)
c′(1)̂c1 ĉ =
1
16
(
kBT
c
)4 ĉ1∑
t̂=0
ĉ∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (4,0,0)
ĉ1ĉ
(
t̂, û, v̂, ŵ
)
,
c′(2)̂c1 ĉ =
(
kBT
c
)4 ĉ1∑
t̂=0
ĉ∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (0,4,2)
ĉ1ĉ
(
t̂, û, v̂, ŵ
)
,
c′(3)̂c1 ĉ =
n +m− 2
n +m− 1
(
kBT
c
)4 ĉ1∑
t̂=0
ĉ∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (0,0,0)
ĉ1+2ĉ+2
(
t̂, û, v̂, ŵ
)
,
c′(4)̂c1 ĉ =
1
2
(
kBT
c
)4 ĉ1∑
t̂=0
ĉ∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (2,2,1)
ĉ1ĉ
(
t̂, û, v̂, ŵ
)
,
c′(5)̂c1 ĉ = −2
(
kBT
c
)4 ĉ1∑
t̂=0
ĉ∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (0,2,1)
ĉ1+1ĉ+1
(
t̂, û, v̂, ŵ
)
,
c′(6)̂c1 ĉ = −
1
2
(
kBT
c
)4 ĉ1∑
t̂=0
ĉ∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (2,0,0)
ĉ1+1ĉ+1
(
t̂, û, v̂, ŵ
)
,
c′(7)̂c1 ĉ = −
ζ4
n +m− 1
(
kBT
c
)4 ĉ1∑
t̂=0
ĉ∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (0,0,0)
ĉ1ĉ
(
t̂, û, v̂, ŵ
)
,
c′(8)̂c1 ĉ =
ζ4
n +m− 1
(
kBT
c
)4 ĉ1∑
t̂=0
ĉ∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (0,0,0)
ĉ1+2ĉ
(
t̂, û, v̂, ŵ
)
,
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c′(9)̂c1 ĉ =
ζ4
n +m− 1
(
kBT
c
)4 ĉ1∑
t̂=0
ĉ∑
û=0
d̂/2∑
v̂=0
û∑
ŵ=0
(−1)û J (0,0,0)
ĉ1ĉ+2
(
t̂, û, v̂, ŵ
)
.
The twice primed values c′′
(s)̂c1ĉ
are given by similar sums by omitting the factor
(−1)û and by changing into c′′
(4)̂c1ĉ
and c′′
(5)̂c1ĉ
the overall signs.
In the lower approximation, for ĉ1 = ĉ = 0, one holds
c0̂0̂ = 2
(
kBT
c
)4
{J (0,4,2)
0̂0̂
(0̂, 0̂, 0̂, 0̂) + 2J
(0,2,1)
1̂̂1
(1̂, 1̂, 0̂, 0̂)
+
n+m− 2
n+m− 1[J
(0,0,0)
2̂2̂
(2̂, 2̂, 0̂, 0̂) + J
(0,0,0)
2̂̂2
(2̂, 2̂, 0̂, 2̂)]}.
6.6 Locally anisotropic transport coefficients for a class of
cross sections
For astrophysical applications we can substitute(
dσ
dΩ
)
CM
= ξP r, (96)
with some scalar factor ξ (with or without dimension) and r being a positive or
negative number into (92). In this subsection we put ζ = m˜c2/ (kBT ) for high
values of T. The chosen type of differential cross section (96) is used, for instance,
for calculations of neutrino–neutrino scattering (when r = 2 and ξ is connected with
the weak coupling constant). In the first approximation the symmetric brackets (88)
are
a2̂2̂ = ξ
(
2kBT
c
)r
π(n+m−1)/2Γ [n +m+ 1 + r/2] Γ [(n +m+ r) /2]
Γ [n+m− 2] Γ [(n+m) /2] Γ [(n+m+ 1) /2] , (97)
b1̂1̂ = −
(
kBT
c
)2
n +m+ 2 + r
2
a2̂2̂,
c0̂0̂ =
(
kBT
c
)2 [
(n+m+ r) (n+m+ 4 + r)
2
+
n +m− 2
n +m− 1
]
a2̂2̂.
Putting these values into (91) we obtain the locally anisotropic variant of trans-
port coefficients in the first approximation, when η(v) ≃ 0 but with nonzero
λ =
2kBc
ξ
(
c
2kBT
)r (n +m)2 (n+m− 1)
n+m+ 2 + r
(98)
×Γ [n +m− 2] Γ [(n+m) /2] Γ [(n+m+ 1) /2]
Γ [n+m+ 1 + r/2] Γ [(n +m+ r) /2]
,
and
η =
1
ξ
(
c
2kBT
)r−1 1
π(n+m−1)/2
[
(n+m)2 − n−m− 2
]
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× [(n+m− 1)
2 − 1] (n +m+ 1)2[
(n+m+ r) (n+m+ 4 + r) + 2 (n+m−2)
(n+m−1)
] (99)
× Γ [n+m− 2] Γ [(n+m) /2] Γ [(n+m+ 1) /2]
Γ [n+m+ 1 + r/2] Γ [(n+m+ r) /2]
.
These formulas present a locally anisotropic generalization of the Boisseau and
van Leeuwen [3] results.
7 Transport Theory in Curved Spaces with Rota-
tion Ellipsoidal Horizons
After having established in a general way the scheme for calculation of transport
coefficients on la–spacetimes, we now specify an example for a four dimensional
static metric (being a solution of Einstein equations in both general relativity and
la–gravity) with the event horizon described by a hypersurface of rotation ellipsoid
[34] (see the Appendix). We note that in this case n = 3, m = 1 and n(a) = 4.
The main formulas for kinetic and thermodynamic variables from the previous
Sections 3–6 were based on spherical symmetry of n(a) − 1 dimensional volume (62)
and spherical integral (63). For the rotation ellipsoid we have to modify the volume’s
formula by introducing the ellipsoidal dependence
Vn(a)−1 =
(
n(a) − 1
)
π(n(a)−1)/2
Γ
[
(n(a) − 1)/2
] ρ (θ˜) =︸︷︷︸
n(a)=4
3π3/2
Γ [3/2]
ρ
(
θ˜
)
were
ρ
(
θ˜
)
=
ρ(0)
1− ε cos θ˜
is the parametric formula of an ellipse with constant parameter ρ(0), angle variable
θ˜ and eccentricity ε = 1/σ < 1 is defined by the axes of rotation ellipsoid (see the
formula (119) from Appendix).
If in the case of spherical symmetry 4
π/2∫
0
dθ˜ = 2π, the ellipse deformation gives
the result
4
π/2∫
0
dθ˜
1− ε cos θ˜ =
8√
1− ε2 arctan
√
1− ε
1 + ε
.
So, performing integrations on solid angles in spaces with rotational ellipsoid sym-
metry we can use the same formulas as for spherical symmetry but multiplied on
q(ε) =
4
π
√
1− ε2 arctan
√
1− ε
1 + ε
.
For instance, the integral (63) transforms
∫
dΩ→
∫
dΩ(ε) = q(ε)
(
n(a) − 1
)
π(n(a)−1)/2
Γ
[
(n(a) − 1)/2
] =︸︷︷︸
n(a)=4
q(ε)
3π3/2
Γ [3/2]
.
36
The formulas for the particle density (60) and energy density (68) of point par-
ticles must be multiplied on q(ε),
n˜→ n˜(ε) = q(ε)n˜ and ε˜→ ε˜(ε) = q(ε)ε˜,
but the energy per particle will remain constant. We also have to modify the formula
for pressure (71), been proportional to the particle density, but consider unchanged
the averaged enthalpy (72). The entropy per particle (75) and chemical potential
(76) depends explicitly on q(ε)–factor because theirs formulas were derived by using
the particle density n˜(ε). Here we note that all proved formulas depends on m(= 1,
in this Section) anisotropic parameters and on volume element determined by d–
metric. In the first approximation of transport coefficients we could chose a locally
isotropic background but introducing the factor q(ε) and taking into account the
dependence on anisotropic dimension.
Putting ε–corrections into (90) we obtain the first–order approximations to the
transport coefficients in a la–spacetime with the symmetry of rotation ellipsoid
λ = −ckBn˜
2
(ε)
3
β2
1̂
a2̂2̂
, (100)
η =
ckBT n˜
2
(ε)
10
γ2
0̂
c0̂0̂
,
η(v) = ckBT n˜
2
(ε)
α2
2̂
a2̂2̂
.
The values α2̂, β1̂ and γ0̂ are 3–fold integrals expressed in terms of enthalpy h and
temperature T and have the limits
α2̂ =
5γ
ckBT n˜(ε)
− 3γ
cn˜(ε)
−→︸︷︷︸
T→∞
0, (101)
β1̂ =
kBT
cn˜(ε)
3γ
γ − 1 −→︸︷︷︸
T→∞
12
kBT
cn˜(ε)
,
γ0̂ =
kBT
c2n˜(ε)
10h −→︸︷︷︸
T→∞
60
1
n˜(ε)
(
kBT
c
)2
.
In the next step we compute the q(ε)–deformations of brackets from the de-
nominators of (100). Because the squares of α, β and γ coefficients from (89) are
proportional to deformations of n˜−2 (this conclusion follows from the formulas (97)
in the T → ∞ limit, see (101)) and the scalar (93), vector (94) and tensor (95)
type brackets do not change under q(ε)–deformations (see (97)) we conclude that
the transport coefficients (90) do not contain the factor q(ε) but depends only on
the number m of anisotropic dimensions. This conclusion is true only in the first
approximation and for locally isotropic backgrounds. In consequence, the final for-
mulas for the transport coefficient, see (98) and (99), in a (3+1) locally anisotropic
spacetime with rotation ellipsoid symmetry are
η(v) ≃ 0
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λ =
2kBc
ξ
(
c
2kBT
)r 48
6 + r
Γ [2]2Γ [5/2]
Γ [5 + r/2] Γ [(4 + r) /2]
,
η =
1
ξ
(
c
2kBT
)r−1 20
π3/2[(4 + r)(8 + r) + 4/3]
Γ[2]2Γ [5/2]
Γ [5 + r/2] Γ [(4 + r) /2]
.
This is consistent with the fact that we chose as an example a static metric with a
local anisotropy that does not cause drastic changings in the structure of transport
coefficients. Nevertheless, there are q(ε)–deformations of such values as the density
of particles, kinetic potential and entropy which reflects modifications of kinetic and
thermodynamic processes even by static spacetime local anisotropies.
8 Concluding Remarks
The formulation of Einstein’s theory of relativity with respect to anholonomic frames
raises a number of questions concerning locally anisotropic field interactions and
kinetic and thermodynamic effects.
We argue that spacetime local anisotropy (la) can be modeled by applying
the Cartan’s moving frame method [6] with associated nonlinear connection (N–
connection) structures. A remarkable fact is that this approach allows a unified
treatment of various type of theories with generic local anisotropy like generalized
Finsler like gravities, of standard Kaluza–Klein models with nontrivial compactifica-
tions (modelled by N–connection structures), of standard general relativity with an-
holonomic frames and even of low dimensional models with distinguished anisotropic
parameters. We have shown a relationship between a subclass of Finsler like metrics
with (pseudo) Riemannian ones being solutions of Einstein equations.
This paper has provided a generalization of relativistic kinetics and nonequilib-
rium thermodynamics in order to be included possible spacetime local anisotropies.
It should not be considered as a work on definitions of some sophisticated theories
on Finsler like spaces but developing an approach to kinetics and thermodynamics
in (pseudo) Riemannian spacetimes of arbitrary dimension provided with anholo-
nomic frame structures. The item of introducing into consideration of generalized
Finsler and Kaluza–Klein spaces was imposed by the facts that one has recently
constructed (see Appendix and [34] solutions of the Einstein equations with generic
anisotropy, of Finsler and another type, like ellipsoidal static black holes, black tora,
anisotropic solitonic backgrounds and so on) and that in the low energy limits of
string theories various classes of generalized Finsler–Kaluza–Klein metrics could be
obtained alternatively to the well known (pseudo) Riemannian ones [31]. By ap-
plying the moving frame method it is possible to elaborate a general schema for
defining of physical values, basic equations and approximated calculations of kinetic
and thermodynamic values with respect to la–frames in all type of the mentioned
theories.
The crucial ingredient in definition of collisionless relativistic locally anisotropic
kinetic equation was the extension of the moving frame method to the space of
supporting elements (uα, pβ) provided with an induced higher order anisotropic
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structure. The former Cartan–Vlasov approach [5, 36], proposing a variant of sta-
tistical kinetic theory on curved phase spaces provided with Finsler like and Car-
tan N–connection structures, was self–consistently modified for both type of locally
isotropic (the Einstein theory) and anisotropic (generalized Finsler–Kaluza–Klein)
spacetimes with N–connection structures induced by local anholonomic frame or via
reductions from higher dimensions in (super) string or (super) gravity theories. The
physics of pair collisions in la–spacetimes was examined by introducing on the space
of supporting elements of (correspondingly adapted to the N–connection structure)
integral of collisions, differential cross–sections and velocity of transitions.
Despite all the complexities of definition of equilibrium states with generic anisot-
ropy it is possible a rigorous definition of local equilibrium particle distribution func-
tions by fixing some anholonomic frames of reference adapted to the N–connection
structure. The basic kinetic and thermodynamic values such as particle density,
average energy and pressure, enthalpy, specific heats and entropy are derived via in-
tegrations on volume elements determined by metric components given with respect
to la–bases. In the low and high energy limits the formulas reflect explicit depen-
dencies on the number of anisotropic dimensions as well on anisotropic deformations
of spacetime metric and linear connection.
One can linearize the transport equations and prove the linear laws for locally
anisotropic non–equilibrium thermodynamics. It has also established a general
scheme for calculation of transport coefficients (the heat conductivity, the shear
viscosity and the volume viscosity) in la–spacetimes. An explicit computation of
such values was performed for a metric with rotation ellipsoidal event horizon (an
example of spacetime with static local anisotropy), recently found as a new solution
of the Einstein equations.
Our overall conclusion is that in order to obtain a self–consistent formulation
of the locally anisotropic kinetic and thermodynamic theory in curved spacetimes
and calculation of basic physical values we must consider moving frames with cor-
respondingly adapted nonlinear connection structures.
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Appendix: A Locally Anisotropic Solution of Ein-
stein’s Equations
Before presenting an explicit construction [34] of a four dimensional solution with
local anisotropy of the Einstein equations (8) we briefly review the properties of four
dimensional metrics which transforms into (2+2) or (3+1) anisotropic d–metrics (we
note that this is not a (space + time) but a (isotropic+anisotropic) decomposition of
coordinates) by transitions to correspondingly defined anholonomic bases of tetrads
(vierbeins).
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Let us consider a four dimensional (in brief, 4D) spacetime V (2+2) (with two
isotropic plus two anisotropic local coordinates) provided with a metric of signature
(+,+,–,+) parametrized by a symmetric matrix of type
g1 + q1
2h3 + n1
2h4 0 q1h3 n1h4
0 g2 + q2
2h3 + n2
2h4 q2h3 n2h4
q1h3 q2h3 h3 0
n1h4 n2h4 0 h4
 (102)
with coefficients being some functions
gi = gi(x
j), qi = qi(x
j , t), ni = ni(x
j , t), ha = ha(x
j , t)
of necessary smooth class. With respect to a la–basis (10) the ansatz (102) results
in diagonal 2 × 2 h– and v–metrics for a d–metric (13) (for simplicity, we shall
consider only diagonal 2D nondegenerated metrics because for such dimensions every
symmetric matrix can be diagonalized).
An equivalent diagonal d–metric of type (13) is obtained for the associated N–
connection with the coefficients being functions on three coordinates (xi, z),
N31 = q1(x
i, z), N32 = q2(x
i, z), (103)
N41 = n1(x
i, z), N42 = n2(x
i, z).
For simplicity, we shall use brief denotations of partial derivatives, like a˙ = ∂a/∂x1,
a′ = ∂a/∂x2, a∗ = ∂a/∂z a˙′ = ∂2a/∂x1∂x2, a∗∗ = ∂2a/∂z∂z.
The non–trivial components of the Ricci d–tensor (16) (for the ansatz 102) when
R11 = R
2
2 and S
3
3 = S
4
4 , are computed
R11 = R
2
2 =
1
2g1g2
[−(g′′1 + g¨2) +
1
2g2
(
g˙22 + g
′
1g
′
2
)
+
1
2g1
(
g′ 21 + g˙1g˙2
)
]; (104)
S33 = S
4
4 =
1
h3h4
[−h∗∗4 +
1
2h4
(h∗4)
2 +
1
2h3
h∗3h
∗
4]; (105)
P31 =
q1
2
[
(
h∗3
h3
)2
− h
∗∗
3
h3
+
h∗4
2h 24
− h
∗
3h
∗
4
2h3h4
] +
1
2h4
[
h˙4
2h4
h∗4 − h˙∗4 +
h˙3
2h3
h∗4], (106)
P32 =
q2
2
[
(
h∗3
h3
)2
− h
∗∗
3
h3
+
h∗4
2h 24
− h
∗
3h
∗
4
2h3h4
] +
1
2h4
[
h′4
2h4
h∗4 − h′ ∗4 +
h′3
2h3
h∗4];
P41 = − h4
2h3
n∗∗1 +
1
4h3
(
h4
h3
h∗3 − 3h∗4)n∗1, (107)
P42 = − h4
2h3
n∗∗2 +
1
4h3
(
h4
h3
h∗3 − 3h∗4)n∗2.
The curvature scalar
←−
R (17) is defined by the sum of two non-trivial components
R̂ = 2R11 and S = 2S
3
3 .
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The system of Einstein equations (18) transforms into
R11 = −κΥ33 = −κΥ44, (108)
S33 = −κΥ11 = −κΥ22, (109)
P3i = κΥ3i, (110)
P4i = κΥ4i, (111)
where the values of R11, S
3
3 , Pai, are taken respectively from (104), (105), (106), (107).
We note that we can define the N–coefficients (103), qi(x
k, z) and ni(x
k, z), by
solving the equations (110) and (111) if the functions hi(x
k, z) are known as solutions
of the equations (109).
An elongated rotation ellipsoid hypersurface is given by the formula [21]
x˜2 + y˜2
σ2 − 1 +
z˜2
σ2
= ρ˜2, (112)
where σ ≥ 1 and ρ˜ is similar to the radial coordinate in the spherical symmetric
case.
The space 3D coordinate system is defined
x˜ = ρ˜ sinh u sin v cosϕ, y˜ = ρ˜ sinh u sin v sinϕ,
z˜ = ρ˜ cosh u cos v,
where σ = cosh u, (0 ≤ u < ∞, 0 ≤ v ≤ π, 0 ≤ ϕ < 2π). The hypersurface metric
is
guu = gvv = ρ˜
2
(
sinh2 u+ sin2 v
)
, (113)
gϕϕ = ρ˜
2 sinh2 u sin2 v.
Let us introduce a d–metric
δs2 = g1(u, v)du
2 + dv2 + h3 (u, v, ϕ) (δt)
2 + h4 (u, v, ϕ) (δϕ)
2 , (114)
where δt and δϕ are N–elongated differentials.
As a particular solution (108) for the h–metric, considering Υ33 = Υ
4
4, we choose
the coefficient
g1(u, v) = cos
2 v. (115)
The h3(u, v, ϕ) = h3(u, v, ρ˜ (u, v, ϕ)) is considered as
h3(u, v, ρ˜) =
1
sinh2 u+ sin2 v
[
1− rg
4ρ˜
]2
[
1 + rg
4ρ˜
]6 . (116)
In order to define the h4 coefficient solving the Einstein equations, for simplicity,
with a diagonal energy–momentum d–tensor for vanishing pressure, we must solve
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the equation (109) which transforms into a linear equation if Υ1 = 0. In our case
s (u, v, ϕ) = β−1 (u, v, ϕ) , where β = (∂h4/∂ϕ) /h4, must be a solution of
∂s
∂ϕ
+
∂ ln
√
|h3|
∂ϕ
s =
1
2
.
After two integrations (see [19]) the general solution for h4(u, v, ϕ), is
h4(u, v, ϕ) = a4 (u, v) exp
− ϕ∫
0
F (u, v, z) dz
 , (117)
where
F (u, v, z) = (
√
|h3(u, v, z)|[s1(0) (u, v) + 1
2
z∫
z0(u,v)
√
|h3(u, v, z)|dz])−1, (118)
s1(0) (u, v) and z0 (u, v) are some functions of necessary smooth class. We note that
if we put h4 = a4(u, v) the equations (109) are satisfied for every h3 = h3(u, v, ϕ).
Every d–metric (114) with coefficients of type (115), (116) and (117) solves the
Einstein equations (108)–(111) with the diagonal momentum d–tensor
Υαβ = diag [0, 0,−ε = −m0, 0] ,
when rg = 2κm0; we set the light constant c = 1. If we choose
a4 (u, v) =
sinh2 u sin2 v
sinh2 u+ sin2 v
our solution is conformally equivalent (if not considering the time–time component)
to the hypersurface metric (113). The condition of vanishing of the coefficient (116)
parametrizes the rotation ellipsoid for the horizon
x˜2 + y˜2
σ2 − 1 +
z˜2
σ2
=
(
rg
4
)2
, (119)
where the radial coordinate is redefined via relation r˜ = ρ˜
(
1 + rg
4ρ˜
)2
. After multipli-
cation on the conformal factor(
sinh2 u+ sin2 v
) [
1 +
rg
4ρ˜
]4
,
approximating g1(u, v) = sin
2 v ≈ 0, in the limit of locally isotropic spherical sym-
metry,
x˜2 + y˜2 + z˜2 = r2g ,
the d–metric (114) reduces to
ds2 =
[
1 +
rg
4ρ˜
]4 (
dx˜2 + dy˜2 + dz˜2
)
−
[
1− rg
4ρ˜
]2
[
1 + rg
4ρ˜
]2dt2
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which is just the Schwazschild solution with the redefined radial coordinate when
the space component becomes conformally Euclidean.
So, the d–metric (114), the coefficients of N–connection being solutions of (110)
and (111), describe a static 4D solution of the Einstein equations when instead of a
spherical symmetric horizon one considers a locally anisotropic deformation to the
hypersurface of rotation elongated ellipsoid.
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